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Abstract 

In this paper we aim to understand the category of stable- Yetter-Drinfeld mod- 
ules over enveloping algebra of Lie algebras. To do so, we need to define such mod- 
ules over Lie algebras. These two categories are shown to be isomorphic. A mixed 
complex is defined for a given Lie algebra and a stable- Yetter-Drinfeld module over 
it. This complex is quasi-isomorphic to the Hopf cyclic complex of the enveloping 
algebra of the Lie algebra with coefficients in the corresponding module. It is shown 
that the (truncated) Weil algebra, the Weil algebra with generalized coefficients de- 
fined by Alekseev-Meinrenken, and the perturbed Koszul complex introduced by 
Kumar- Vergne are examples of such a mixed complex. 



1 Introduction 

One of the well-known complexes in mathematics is the Chevalley-Eilenberg complex 
of a Lie algebra q with coefficients in a g-module V [2]. 

C'{Q,v): V ^F^0* ''-^^v®^h*^ 

(1.1) 

Through examples, we can see that when the coefficients space V is equipped 
with more structures, then the complex (C*(0, y), dcE); together with another op- 
erator c^K : C*(0,y) — )■ C*~^(g,y), called Koszul boundary, turns into a mixed 
complex. That is dcE + defines a coboundary on the total complex 

^.= C2P-(0,F). 

• >p>0 

Among examples, one observes that, 

• the well-known (truncated) Weil complex is achieved by V := S{Q*)\^2q] the 
(truncated) polynomial algebra of g. 
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• the Weil algebra with generalized coefficients defined by Alekseev-Meinrenken 
in [1] is obtained by V := S'{q*), the convolution algebra of compactly sup- 
ported distributions on g*, 

• finally it was shown by Kumar- Vergnc that if y is a module over the Weyl 
algebra -D(g) then {W*,dcE + c?k) is a complex which is called perturbed 
Koszul complex [13]. 

In this paper we prove that {W*,dcE + <^k) is a complex if and only if V is 

a unimodular stable module over the Lie algebra g, where := 0* XI g is the 
semidirect product Lie algebra g* and g. Here g* := Hom(g,C) is thought of as an 
abelian Lie algebra acted upon by the Lie algebra g via the coadjoint representation. 

Next, we show that any Yetter-Drinfeld module over the enveloping Hopf al- 
gebra U{q) yields a module over g and conversely any locally conilpotcnt module 
over g amounts to a Yetter-Drinfeld module over the Hopf algebra U{q). This 
correspondence is accompanied with a quasi-isomorphism which reduces to the an- 
tisymmetrization map if the module V is merely a g-module. The isomorphism 
generalizes the computation of the Hopf cyclic cohomology of U{q) in terms of the 
Lie algebra homology of g carried out by Connes-Moscovici in [3]. 

Throughout the paper, g denotes a finite dimensional Lie algebra over C, the 
field of complex numbers. We denote by Xi, . . . , Xn and 6^,. . . ,9^ a dual basis for 
g and g* respectively. All tensor products are over C. 

B. R. would like to thank Alexander Gorokhovsky for the useful discussions on 
the G-differential algebras, and is also grateful to the organizers of NCGOA 2011 
at Vanderbilt University, where these discussions took place. 
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2 The model complex for G-differential alge- 
bras 



In this section we first recall G-differential algebras and their basic properties. Then 
we introduce our model complex which is the main motivation of this paper. The 
model complex includes as examples Weil algebra and their truncations, perturbed 
Koszul complex introduced by Kumar- Vergne in [13], and Weil algebra with gen- 
eralized coefficients introduced by Alekseev-Meinrenken [1]. 

2.1 G-differential algebras 

Let 5 = 0_i ©00 ©01 be a graded Lie algebra, where g_i and go are iV-dimensional 
vector spaces with bases ii, • • • and £1, • • • , jCat respectively, and gi is generated 
hyd. 

We let Cji^ denote the structure constants of the Lie algebra go and assume that 
the graded-bracket on 'g is defined as follows. 



Now let G be a (connected) Lie group with Lie algebra g. We assume g be as 
above with go = g as Lie algebras. 

A graded algebra A is called a G-differential algebra if there exists a represen- 
tation p : G Aut(yl) of the group G and a graded Lie algebra homomorphism 
p -.g ^ End(A) compatible in the following way: 




(2.1) 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
(2.6) 



[d, ik] = Ck, 
[c?,A] =0, 
[d, d] = 0. 



- p{exp{tX)) = p{X) 



(2.7) 



p{a)p{X)p{a-^) = p{AdaX) 

p{a)Lxp{a-'^) = LAdaX 
p{a)dp(ar^) = d 



(2.10) 



(2.8) 



(2.9) 
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for any a E G and any X e Q. For further discussion on G-differential algebras we 
refer the reader to [7, chpter 2] and [1]. 

The exterior algebra /\g* and the Weil algebra are examples of G-differential 
algebras. 

Here we recall W{q), the Weil algebra of a finite dimensional Lie algebra g, by 
with the grading 

W{9) = ^W\9), (2.11) 
l>0 

where 

W\9)= Wf''i, WP'-i := A^Q* S%9*). (2.12) 

p+2q=l 

It is equipped with two degree +1 differentials as follows. The first one is 

j 

and it is called the Koszul coboundary. The second one is the Chevalley-Eilenberg 
coboundary (Lie algebra cohomology coboundary) 

dcE : Afg* ® 5«(g*) ^ A^+ig* ® ^^(g*) (2.14) 

ThcndcE+c?K : W^ig) ^ T^'+Ho) 

equips W^(g) with a differential graded algebra 
structure. It is known that via coadjoint representation W{g) is a G-differential 
algebra. 

A G-differential algebra is called locally free if there exists an element 

i 

called the algebraic connection form. 

We assume that 9 G {g0 A^)^, and we have 

tk{e) = Xk, and Ck{e') = -ciiOK 
2.2 The model complex 

Let {A, 9) be a locally free G-differential algebra with dim(G) = N. We assume 
that y is a vector space with elements and L'' in End(y), 1 < A; < A^. 

We consider the graded space Ai^V with the grading induced from that of A. 
Using all information of the G-differential algebra structure of A and the connection 
form 9 e (g (8) A^)*^, we introduce the following map as a sum of a degree -|-1 map 
and a degree —1 map. 

D{x (2> v) := d{x) ®v + e^x® Lk{v) + ik{x) ® L''{v) (2.15) 
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Proposition 2.1. Let {A,&) he a locally free G-differential algebra. Then the map 

dK{x v) = Lk{x) ® L'' (v) (2.16) 

is a differential, that is d^ = 0, if and only if V is a -module via L^s, i.e., 

[Lf,L«]=0, \<p,q,<N. 

Proof. Assume that [U,U] = 0. Then 

dK o dKix ^v) = Hikix) (g) L^V'iy) = (2.17) 

by the commutativity of Lj^s and the anti-commutativity of i^s. 
Conversely, if d^ has the property c^k o c^K = 0, then by using ikiP^) = S^. we 
have 

dK o dK{9'9^ 0v) = dK{e^ ® L\v) -9'® V{v)) = 1 O [V,L%v) = (2.18) 

which imphes [D ^U] =0. □ 

Definition 2.2. [7]. For a commutative locally free G-differential algebra A, the 
element Jl = (g) G {J^ ® q)^ , satisfying 

d{e) = -]^Ciq9Pei + ^\ (2.19) 
is called the curvature of the connection = 9^ ^ Xi. 

We call a commutative locally free G-differential algebra {A, 6) fiat if O = 0, or 
equivalently 

d{e'') = ~C!^g9P9'3. (2.20) 

Proposition 2.3. Let {A, B) be a commutative locally free fiat G-differential alge- 
bra. Then the map 

dcE{x^v) = d{x)(^v-\-9''x®Lk{v) (2.21) 

is a differential, that is = 0, if and only if V is a g-module via Lj-, that is 
[Lt,Li] = C^iLk. 

Proof. Using the commutativity of A we see that 

dcE o dcE(l ^v) = J2 dcni^'' ^ Lk{v)) = d{9^) ® Lk{v) + ^ 9^9^ ® LtLk{v) 

k k k^t 

= - E \^tiO'(^' ® ^^(^) + E ^ t^*' ^'K^), 

l,t t,l 

(2.22) 

which proves the claim. □ 



Proposition 2.4. Let A be a commutative locally free flat G-differential algebra 
and V be a g-module via L^s and a -module via L^s. Then, {A ® V,D) is a 
complex with differential 

D{x ® v) := d{x) (^v + e''x<S) Lk{v) + ik{x) ® L^{y), (2.23) 

if and only if 

Ck{x) L^{v) + e^it{x) (g) [Lfc, L']{v) +x® L^Lk{v) = 0. (2.24) 

Proof. By Proposition 2.1 and Proposition 2.3, c^k and dcE are differentials respec- 
tively. Then A ®V \s a complex with differential D = dcE + c^K if and only if 
dc-E odK + dKO dcE = 0. 
We observe 



and 



dK{dcE{x <S) v)) = dK{d{x) ®v-\-e^x® Lk{v)) 
= ikd{x) L^{v) + it{B^x) O L*Lkiv) 
= ikd{x) (g) L''{v) +x® L^Lk{v) - 9^it{x) L^Lkiv), 



dcE{dK{x (8) v)) = dcE{tt{x) (8) L\v)) 
= dit{x) ® L\v) + e^Lt{x) ® LkL\v). 



(2.25) 



Therefore, 

dcEodK+dK+dcE{xm) = Ck{x)'S)L^{v)+e^it{x)®[Lk,L^]{v)+x'S)L^Lk{v) (2.26) 

□ 

The next proposition determines the conditions on V that is necessary and 
sufficient for [A (g) V, dcE + c?k) to be a complex. 

Considering the dual g* of the Lie algebra g as a commutative Lie algebra, we 
can define the Lie bracket on g := g* XI g by 

[a®X , P®Y] := {CxiP) - £y (a)) ®[X ,Y]. (2.27) 

Proposition 2.5. Let A be a commutative locally free flat G-differential algebra 
and V a g-module via LkS and a -module via L^s. Then, {A®V, D) is a complex 
if and only if 

unimodular stability ^^^L''Lk = 0, (2.28) 

k 

and 

5-module property [L\ Lj] = J2CjkL'' ■ (2.29) 
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Proof. Assume first that {A V, dcE + ^k) is a differential complex. Tfien by 
Proposition 2.4, taking x = 1 we get 

k 

On tfie otfier fiand, by taking x = 9^ and using tfie fact tfiat A is locally free, 
we get 

[V, Lj] = Cj/.L''. 
Conversely, if (2.28) and (2.29) hold, then 

{dcE odK + dKO dcE) {x^v) = Ck{x) (g) L^{v) + CliO^six) ® L^{v) = 0. 

□ 



3 Lie algebra cohomology and Perturbed Koszul 
complex 

In this section we specialize the model complex {A ® V,D) defined in (2.15) for 
A = We show that the perturbed Koszul complex defined in [13] is an example 

of the model complex. As another example of the model complex, we cover the Weil 
algebra with generalized coefficients introduced in [1] . 



3.1 Lie algebra cohomology 

Let be a finite dimensional Lie algebra and y be a right g-module. Let also {^*} 
and {Xi\ be dual bases for g* and g. The Chevalley-Eilenberg complex C{q,M) is 
defined by 

V ^ C\g, V) ^ C\g, V)^-- - , (3.1) 

where C'^{g, V) = Hom(A'^g, V) is the vector space of all alternating linear maps on 
Q^i with values in V. If a G C«(0, V), then 

dcE(a)(^o, ...,Xq) = Y^{-iy+^ai[X,, X,],Xo . . . X„ . . . ,X,, . . . , X,)+ 

(3.2) 

Y,i-'^y'^^a{Xo,...,Xi,...Xg)Xi. 

i 

Alternatively, we may identify C'^{q,V) with A^g* (8> V and the coboundary dcE 
with the following one 

dcE{v) = -e' V Xi, 

dcEiP (^v)= ddRiP) (^v-e' AP^vXi. 

where d^^ : A^g* — > A*'+-^0* is the dc Rham derivation defined by ddB.{6^) = 
=^C],^e^e^. We denote the cohomology of (C"(g, F), ^ce) by H*{q,V) and refer 
to it as the Lie algebra cohomology of g with coefficients in V . 
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3.2 Perturbed Koszul complex 



With the same assumptions for g and V as in the previous subsection, we spe- 

ciaHze the model complex A^V defined in (2.15) for A = Indeed we have 

V) := A"0* V, for n > 0, with differentials dcE ■ W{g, V) W+^ig, V) 
defined in (3.3) and 



dK:W''iQ,V)^W''-\9,V) 
a (g) f ^ (a) (8) f < 9\ 



(3.4) 



Considering 

Lkv = Xk-v, L^v = v< 9^, (3.5) 
the condition L^'Lj^ = transfers directly into 

Y,{v ■ Xfe) <9' = 0. (3.6) 

k 

Similarly, the condition [U,Lj] = Y^^^lk^^ becomes 

{v ■ Xj) <9* = v< {Xj > 9*) + {v< 9*) ■ Xj. (3.7) 

Example 3.1 (Weil algebra). Let g be a (finite dimensional) Lie algebra and set 
V = S{q*) - the polynomial algebra on g. Then F is a right g-module via the 
(co) adjoint action of g. In other words, 



Lk '■= ^Xk- (3.8) 

The role of is played by the multiplication of 9^. That is 

L''{a) = a9^. (3.9) 

In this case, the equations (3.6) and (3.7) are satisfied and we obtain the Weil 
complex. 

Example 3.2 (Truncated Weil algebra). Let V = S'(fl*)[2n] be the truncated poly- 
nomial algebra on g. With the same structure as it is defined in Example 3.1 one 
obtains the differential complex M^(g, <S'(g*)[2n]). 

To be able to interpret the coefficient space further, we introduce the crossed 
product algebra 

5(g) := S{Q*) :^ U{q) (3.10) 

In the next proposition, by g we mean g* XI g with the Lie bracket defined in 
(2.27). 

Proposition 3.3. The algebras D{q) and U{q* XI g) are isomorphic. 
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Proof. It is a simple case of [14, Theorem 7.2.3], that is 

U{q* :^ 0) = U{q*) ^ U{q) = S{q*) >^ U{q) = D{q) (3.11) 

□ 

Next, we recall the compatibility for a module over a crossed product algebra, 
for a proof see [15, Lemma 3.6]. 

Lemma 3.4. Let % he a Hopf algebra, and A an T-L-module algebra. Then V is 
a right module on the crossed product algebra A XI T-L if and only if V is a right 
module on A and a right module on T-L such that 

(v ■ h) ■ a = {v ■ (/i(i) > a)) ■ h(2) (3-12) 

Corollary 3.5. Let q be a Lie algebra and V be a vector space. Then, V is a right 
module over S{g*) XI U(q) if and only if V is a right module over q, a right module 
over S{q*) and (3.7) is satisfied. 

We can now reformulate the Proposition 2.5 as follows. 

Proposition 3.6. The graded space {W*{q, V),dcE + c?k) is a complex if and only 
if V is a unimodular stable right ^-module. 

Example 3.7 (Weil algebra with generalized coefficients [1]). Let ^''(0*) be the 
convolution algebra of compactly supported distributions on q* . The symmetric 
algebra >S'(0*) is canonically identified with the subalgebra of distributions supported 
at the origin. This immediately results with a natural 6" (0*) -module structure on 
^'(0*) via its own multiplication. 

Regarding the coordinate functions Hi, 1 < i < N as multiplication operators, 
we also have [fii, 0^] = (5*. 

The Lie derivative is described as follows. 

d = C^jO^fik, l<i<N. (3.13) 

Therefore, 

T : ^ End(^'(0*)), Xi ^ C'f.^ike^ = -Lx, - 5{Xi)L (3.14) 

is a map of Lie algebras, and hence equips ^^'(0*) with a right 0-module structure. 
We first observe that 

Y,{v-Xi)<\e' = c^,vtike^e' = ^, (3.15) 

i 

by the commutativity of S{q*) and the anti-commutativity of the lower indices of 
the structure coefficients. 
Secondly we observe 

{vXi)<e* = c%vtike^e' = 
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i.e., S'{q*) is a right module over S{q*) ><3 U{q). Hence we have the complex 

One notices that in [1] the authors consider compact groups and their Lie al- 
gebras which are unimodular and hence 6 = 0. So, their and our actions of Q 
coincide. 

3.3 Weyl algebra 

Following [16] Appendix 1, let F be a (finite dimensional) vector space with dual 

V*. Let ,'^{V) be the algebra of all polynomials on V and S{V) the symmetric 
algebra on V. Let us use the notation D(V) for the algebra of differential operators 
on V with polynomial coefficients - the Weyl algebra on V. For any u G F we 
introduce the operator 

f{w + tv). (3.17) 

t=() 

As a result, wc get an injective algebra map v i-^ G D{V). As a differential 
operator onV,dv is identified with the derivative with respect to v* eV*. 

Using the bijective hnear map ^{V) (g) S{V) — >■ D{V) defined as f ^ v fv, 
and the fact that ^{V) ^ S{V*), we conclude that D{V) ^ S{V*)^S{V) as vector 
spaces. 

Following [6], the standard representation of D(y) is as follows. Let {vi*, • • • , Vn*} 
be a basis of V*. Then, forming E = C[vi*, ■ ■ ■ ,Vn*], we consider the operators 
Pi G End(£;) as d/dv* and G End(£^) as multiplication by v*. Then the rela- 
tions are 

[Pi,p,] = o, [g\Q^] = o, vi,i 

It is observed that if F is a module over D{q) then (PF*(fl, F), dcE + ^k) is a 

complex [13]. We now briefly remark the relation of this result with our interpreta- 
tion of the coefficient space (2.15). To this end, we first notice that if F is a right 
module over the Weyl algebra -D(s), then it is module over the Lie algebra g via the 
Lie algebra map 

r:g^D(g), Xi^ClPiQK (3.19) 
Explicitly, we define the action of the Lie algebra as 

v-Xk = vt{Xu). (3.20) 

On the other hand, V is also a module over the symmetric algebra S{q*) via 

v<e^ = vQ^ (3.21) 
Lemma 3.8. Let V he a right module over D{q). Then V is unimodular stable. 



dv{f){w) := - 
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Proof. We immediately observe that 

Y,{v ■Xi)<e' = Y,v- {t{X,)Q^) = Y,v- {CtiPkQ'Ql = (3.22) 

i i i,l,k 

by the commutativity of Qs and the anti-commutativity of the lower indices of the 
structure coefficients. □ 

Next, to observe the condition (3.7), we introduce the following map 

$ : 5(g) ^ D{5), 6^ >a ^ QV(Xi) = ClQ^PiQ^ (3.23) 
Lemma 3.9. The map $ : D{q) — > D{q) is well-defined. 

Proof. It is enough to prove ^{Xi)^{0^) = ^{Xi(i)[>9^)^{Xi(2)). To this, we observe 

RHS = $(X,(i) > ^^XX,(.)) = -Cf.Q'^ + CUQ^PiQ' 
= ClPiQ^Q^ = ClPiQ^Q^ = ^Xi^e^) = LHS. 

□ 

Corollary 3.10. If V is a right module over D{g), then V is a right module over 
5(0) = 5(r)>=]C/(9). 

4 Lie algebra homology and Poincare duality 

In this section, for any Lie algebra g and any stable g-module V we define a complex 
dual to the model complex and establish a Poincare duality between these two 
complexes. The need for this new complex will be justified in the next sections. 

4.1 Lie algebra homology 

Let g be a Lie algebra and F be a right g-module. We recall the Lie algebra 
homology complex C^(g, V) = A^g (8> F by 

• • • ^ C2(g, V) ^ Ci(g, V)^V (4.1) 

where 

dcE{Xo A • • • A (g) -u) = ^(-l)*Xo A ■ ■ • A A • • • A Xq_i ® v ■ Xi + 

^ ' ^ ^ (4.2) 

^{-lf+^[Xi,Xj] A Xo A • • • A A • • • A A • • • A Xg^i ^ v 

i<j 

We call the homology of the complex (C,(g, V),dcE) the Lie algebra homology of g 
with coefficients in V and denote it by H,{q, V). 
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4.2 Poincare duality 

Let y to be a right g-module and right S'(g*)-module. We introduce the graded 
vector space C"(0, V) := A'^g V with two differentials: 

YoA---AYn^v^ y^{-iyYo A--- AYj A-- - AYn^v -Yj 

J (4.3) 

+ ^(-iy+*^[y,-, Ffe] -YoA-'-AYjA-'-AYkA-'-AYn^v 

which is the Lie algebra homology boundary and the second one by 
%:C"*(g,y)^C"^+\g,y), YiA- ■ -AYnm ^^XiAYiA- ■ ■AYnm<d' (4.4) 

i 

We first justify that 9k is a differential. 
Lemma 4.1. We have Ok ° Ok = 0. 

Proof. We observe that by the commutativity of S{g*) and the anti-commutativity 
of the wedge product we have 

Ok o dKiYi A-- - AYn(E)v) =^ dKiXi A Yi A • • • A y„ w < 6**) 

^ ' (4-5) 

= ^ A A Fi A • • • A y„ ® V < e'e^ = o. 

□ 

We say that a right g-module V is stable if 

< e') ■ Xi = Q. (4.6) 

i 

Proposition 4.2. The complex (C*(g, V), dcE + Ok) is a complex if and only if V 

is stable right Q-module. 

Proof. First we observe that V is right g-modulc if and only if 

{vXk)<ie* = v<{Xk>e^) + {v<ie*)-Xk, i<k,t<N. (4.7) 

On the one hand we have 

dcE{dKiyo/\---/\Yn®v))=J29cE{XiAYoA---AYn^v<ie') = 

i 

^Yo A ■ ■ ■ AYn ^ {v < 9') ■ Xi + ^{-ly+^Xi AYoA--- AYj A--- AYn^iv <e') ■Yj + 

i i,j 
^(-1)^+1 [X,,Yj]AYoA---AYjA---AYn'^v< 6'+ 
i,j 

J2{-iy^''[Yj,Yk] A Xi AYo A ■ ■ ■ AYj A ■ ■ ■ AYk A ■ ■ ■ AYn ® V < e\ 

i,j 

(4.8) 
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and on the other hand 
dK{dcE{Yo A.-.AYn0v)) = J^i-'^YMYo A---AYjA---AYn^v- Yj)+ 



Y,i-'^y^''M[Yj, Yk] AYo A ■ ■ ■ AYj A - ■ ■ AYk A ■ ■ ■ AYn^v) = 
^{-lyXi AYo A ■ ■ ■ AYj A ■ ■ ■ AYn ^ {v AYj) < e'+ 

i,j 

^{-iy+''+^[Yj,Yk] A Xi AYo A ■ ■ ■ AYj A ■ ■ ■ AYk A ■ ■ ■ AYn V < 9\ 
i,j,k 

Therefore, the complex is a mixed complex if and only if 

(dcE odK + dKodcE)iYo---Yn®v) = Y,yo---Yn(E){v< 6') ■ Xi+ 

i 

^(-ly+^Xi ■Yo---Yj---Yn^[iv< 9') ■ Yj - {v ■ Yj) < 9']+ 

id 

[Xi, Yj]-Yo---Yj---Yn^v<9' = 



(4.10) 



Now, if we assume that (C*(g, V), dcE + ^k) is a complex, then firstly it is easy 
to see that the stability condition (4.6) is equivalent to [dcE + 9k)^(1 ® w) = 0. 
Secondly, the equation (4.10) yields that F is a g-module; 

Xi®{v<9')-Y -Xi^{vY)<]9' + [Xi, Y]®v<9' = 0. (4.11) 

The converse argument is obvious. 

□ 

Recall that the derivation (5 : g ^ C is the trace of the adjoint representation of 
on itself. 

Proposition 4.3. A vector space V is a unimodular stable right Q-module, if and 
only if V <Si Cs is a stable right Q-module. 

Proof. Indeed, if V is unimodular stable right g-module, that is J2i{'" <1 -^i) -9^ = 0, 
for any v G V, then 

Ic) • 9') <iX' = ■ ■Xi®lc + vS{Xi) ® Ic 

' ' (4.12) 

= Y,iv-Xi)<i9'®lc = 0, 

i 

which proves that F (g) is stable. Similarly we observe that for 1 < i,j < N, 
{{v ® Ic) • Xj) <\9' = {v Xj Ic + vd{Xj) ® Ic) <9' = 
{{v ■ Xj) <9' + v5{Xj) < 9') ®\c = 
{v < {Xj > 9') + {v< 9') ■ Xj + v5{Xj) <^9')®\c = 
{v ® Ic) < {Xj > 9') + {{v ® Ic) < 9^) ■ Xj 
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i.e., F (8> is a right g-module. The converse argument is similar. 

Let us briefly recall the Poincare isomorphism by 

Tip : ^ A"-P0, f] ^ Lir])w, 



□ 



(4.14) 



where zu = Xi A ■ ■ ■ A is the covolume element of g. By definition l{9^) : A'g 
A*~-'^0 is given by 



{iie')t 9^-' A---A 9^-') := iC, 9' A9^' A---A 9^-^), ^ G A'^g. 



(4.15) 



Finally, for rj = 9''-'^ A ■ ■ ■ A 9^'' , the interior multiplication 1(77) : A*0 — >■ A* ^g is a 
derivation of degree —p defined by 



t(r]) := i{9''^)o---oi{9'^). 



(4.16) 



Proposition 4.4. Let V he a right module over stable right '^-module. Then the 
Poincare isomorphism induces a map of complexes between the complex W{q,V ® 
C-s) and the complex C{q^V). 

Proof. Let us first introduce the notation V :=V ® C-^. We can identify V with 
F as a vector space, but with the right g-module structure deformed as v < X := 
vX-v5{X). 

We prove the commutativity of the (co)boundaries via the (inverse) Poincare 
isomorphism, i.e., 



Dp^ : A^g «) y ^ A^-^'g* ® V 

where for an arbitrary 77 G A^~^g 

{ri,^-p^{i®v)) := (r?e,a;*)t;. 



(4.17) 



(4.18) 



Here, oj* G A'^g* is the volume form. 
The commutativity of the diagram 

APq®V- 



da 



■ AP-^Q V 



A^-Pq* ® V A^-P+ig* ® V 

follows from the Poincare duality in Lie algebra homology - cohomology, [12, Chap- 
ter VI, Section 3]. For the commutativity of the diagram 



APq®V- 



Ok 



A^+ig ® V 



A^-Pq* (8) V A^-P-^5* V 
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we take an arbitrary ^ G A^g, 77 G ^ and u G F. Then 

□ 



5 Lie algebra coaction and SAYD coefficients 

In this section we identify the coefficients we discussed in the previous sections of 

this paper with stable-anti-Yetter-Drinfeld module over the universal enveloping 
algebra of the Lie algebra in question. To this end, we introduce the notion of 
comodule over a Lie algebra. 



5.1 SAYD modules and cyclic cohomology of Hopf al- 
gebras 

Let 7^ be a Hopf algebra. By definition, a character (5 : 7^ — )• C is an algebra map. 
A group-like a e H is the dual object of the character, i.e., A{a) = a ® a. The 
pair ((5, a) is called a modular pair in involution [5] if 

5{a) = 1, and Sj = Ad^, (5.1) 

where Ada{h) = aha~^ and Ss is defined by 

Ssih) = S{ha))S{h^2)). (5.2) 

We recall from [9] the definition of a right-left stable-anti-Yetter-Drinfeld module 
over a Hopf algebra H. Let F be a right module and left comodule over a Hopf 
algebra H. We say that it is stable-anti-Yetter-Drinfeld (SAYD) module over H if 

W{v ■ h) = S{hi:i))v^_^^h(i) (g)v^^^ ■ h(2), v^^^ ■ v^_^^ = v, (5.3) 

for any v € V and h It is shown in [9] that any MPl defines a one dimensional 
SAYD module and all one dimensional SAYD modules come this way. 
Let F be a right- left SAYD module over a Hopf algebra H. Let 

C''{n,V):=V(^H^i, q>0. (5.4) 

We recall the following operators on C*{'H,V) 

face operators di : C*(7{, V) C«+\H, V), 0<i<q + l 

degeneracy operators aj : C'^{n,V) ^ C^'^iV^V), 0<j<q-l 
cyclic operators r : C«(H, F) C*(H, F), 



15 



by 



^0(1; (8) /t^ (g) . . . (8) /i^) = v (8) 1 (8) /t^ (8) . . . (8) 

di{v (8) /t^ (8 . . . (8) /i^) = <8 /i^ (8) . . . <8 h\i) (8 h\2) 



hi, 



dg+i {v(^h^ ® ...<^h'^) = v 



(0) 



(-I)' 

aj{v (8) /t^ <8 . . . (8) /i^) = (t; <8 <8 . . . <8 e(/i^+-^) (8) ... (8 /t^), 
r(t; (8 /i^ (8) . . . /i'') = v^^^h^a) 5'(/i\2)) ■ {h'^ ® . . 



(5.5) 



where acts on 'H'^'^ diagonally. 

The graded module C{T-L,V) endowed with the above operators is then a cocyclic 
module [8], which means that di, aj and r satisfy the following identities 



djdi 


= didj-i, 


if 


i < j, 






if 


i < j, 






diCTj-l, 


if 


i < j 


CTjdi 


= < 


Id 


if 


i = j 01 i = j + l 








if 


i>j + l, 


rdi -- 




-IT, 


1 < i 


<q 


rdo 


= 9q+l, 


TCFi = 


CTi-lT, 1 < i 


T(7o 


= a 




^,+1 


= Id. 



(5.6) 



One uses the face operators to define the Hochschild coboundary 
b:Ci{'H,V)^C''+\n,V), by 



5+1 

b := J2i-^y9i 

i=0 



(5.7) 



It is known that = 0. As a result, one obtains the Hochschild complex of the 
coalgebra Ti with coefficients in the bicomodule V. Here, the right comodule defined 
trivially. The cohomology of {C"{n,V),b) is denoted by i^coaig(^' 

One uses the rest of the operators to define the Connes boundary operator, 



B : C^n, V) Ci-\n, V), by B :-- 



(5.8) 



,i=0 



It is shown in [4] that for any cocyclic module we have b^ = B^ = (6 + B)'^ = 0. 
As a result, one defines the cyclic cohomology of % with coefficients in SAYD module 
V, which is denoted by HC*{H,V), as the total cohomology of the bicomplex 



0, 



if 0<p<q, 
otherwise. 



(5.9) 



One also defines the periodic cyclic cohomology of 7i with coefficients in V, 
which is denoted by HP*{H, V), as the total cohomology of direct sum total of the 
following bicomplex 
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(V^n^i-P, if p<q, 

cP'i{n,v) = l (5.10) 

[ 0, otherwise. 

It can be seen that the periodic cychc complex and hence the cohomology is Z2 
graded. 

5.2 SAYD modules over Lie algebras 

We need to define tlic notion of coniodulc over a Lie algebra g to be able to make 
a passage from the stable g-modules we already defined in the previous sections to 
SAYD modules over the universal enveloping algebra U{q). 

Definition 5.1. We say a vector space V is a left comodule over the Lie algebra q 
if there is a map Wq : V ^ Q<^V such that 

vi-2] A vi-i] ig) V[o] = 0, (5-11) 

where Wq{v) = V[-i] (8)f[o], and 

vi-2] <^vi-i] 0V[o] = V[-i] (8> (i>[o])[-i] (g) {v[o])[o]. 

Proposition 5.2. Let g be a Lie algebra and V be a vector space. Then, V is a 
right S{g*)-module if and only if it is a left Q-comodule. 

Proof. Assume that V is a right module over the symmetric algebra S{q*). Then 
for any v E V there is an element V[-i] (g) V[o] & g** <S>V = g^V such that for any 
9 eg* 

V <9 = vi-i] {O)vio] = 0{vi-i] )vio] . (5-12) 
Hence define the linear map Tg : F — )■ g (g) F by 

V !->■ V[-i] (g V[o]. (5.13) 

The compatibility needed for 1/ to be a right module over 5(0*), which is {v <i9) < 
ri — {v < ri) < 9 = d translates directly into 

a{v[-2] A V[-i] ) g) vio] = {vi-2] (g vi-i] — vi-i] g) f[-2]) (g V[o] = 0, (5-14) 

where a : A^g U{g)'^'^ is the anti-symmetrization map. Since the anti-symmetrization 
is injective, we have 

V[-2] A V[-i] (g vio] = 0. (5.15) 

Hence, F is a left g-comodule. 

Conversely, assume that F is a left g-comodule via the map : V ^ g 0V 
defined by v t-^ V[-i] (g V[o] . We define the right action 

V(E)S{g*)^V, v(E)9^v<e:=e{v[-ii)v[o], (5.16) 
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for any 9 E Q* and any v eV. Thus, 

(v <\0) <\r] - {v <\ri) <\9 = (v[-2] (Xi - f[-i] (81 1'[-2])(^ rj) iSi f[o] = 0, (5.17) 
proving that F is a right module over S{q*). □ 

Having understood the relation between the left g-coaction and right <S'(g*)- 
action, it is natural to investigate the relation with left ?7(0)-coaction. 

Let T : V ^ U{q) 1^ V he a left U (gj-comodule structure on the linear space 
V. Then composing via the canonical projection tt : U{q) — > g, we get a linear map 

V ^ C/(g) ® V 




Lemma 5.3. If f -.V ^ U{q) is a coaction, then so is W g : V ^ g ^ V . 
Proof. If we write ^{v) = (g) v^^ then 

vi-2] A vi-i] (8) vio] = 7r('Uj-5j) A n{v^) ® v^^ = 
7r(^^[3T](i)) ^ 7r(V|_j(2)) <^v^=0 

by the cocommutativity of C/(g). □ 



(5.18) 



For the reverse process which is to obtain a U (g)-comodule out of a g-comodule, 
we will need the following concept. 

Definition 5.4. Let V be a g-comodule via Wq : V ^ g ® V . Then we call the 
coaction locally conilpotent if it is conilpotent on any one dimensional subspace. In 
other words, Wg : V ^ g<SiV is locally conilpotent if and only if for any v E.V there 
exists n G N such that ^g{v) = 0. 

Example 5.5. If V is an SAYD module on U{g), then by [10, Lemma 6.2] we have 
the filtration V = Up^zFpV defined as FqV = F'^o^Cs) and inductively 

Fp+iV/FpV = {V/FpVr^^^^ (5.19) 

Then the induced g-comodule V is locally conilpotent. 

Example 5.6. Let g be a Lie algebra and ^(g*) be the symmetric algebra on g*. 
For V = S{g*), consider the coaction 

^(g*) ^ g ® S{g*), a^Xi® ae\ (5.20) 

called the Koszul coaction. The corresponding S'(g*)-action on V coincides with the 
multiplication of S{g*). Therefore, the Koszul coaction is not locally conilpotent. 

One notes that the Koszul coaction is locally conilpotent on any truncation of 
the symmetric algebra. 
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Let {C/fe(g)}fc>o be the canonical filtration of U{q), i.e., 



C/o(0) = C-l, C/i(0) = C-1©0, Up{Q)-Ug{9)CUp+g{Q) (5.21) 

Let us call an element in U{q) as symmetric homogeneous of degree k if it is the 
canonical image of a symmetric homogeneous tensor of degree k over g. Let U^{g) 
be the set of all symmetric elements of degree n in U{g). 

We recall from [6, Proposition 2.4.4] that 



Uk{5) = Uk-i{9)®U''{9). (5.22) 
In other words, there is a (canonical) projection 

Ok ■■ Ukis) ^ U^{q) = Ukid)/Uk-iid) 

r{k)- 



Xi---Xt;t-^ ^ • • • X^^,-^. (5.23) 

So, fixing an ordered basis of the Lie algebra g, we can say that the above map is 
bijective on the PBW-basis elements. 

Let us consider the unique derivation of U{q) extending the adjoint action of 
the Lie algebra g on itself, and call it ad{X) : C/(g) — >■ U{q) for any X E g. 
By [6, Proposition 2.4.9], ad(X)(C/*^(g)) C U^{q) and ad(X)(;7fc(g)) C [/fe(g). 
So by applying ad{X) to both sides of (5.22), we observe that the preimage of 
ad(l^)(E.e5, ^<x(i) • • • ^.(fc)) is ^d{Y){X, ■ ■ ■ Xu). 

Proposition 5.7. For a locally conilpotent g-comodule V , the linear map 
T : y ^ C/(g) (8) V 

V^l®V + ^ e]^^{vy-k] ■ ■ ■ Vi-i] ) (g) Vio] (^■^^) 
k>l 

defines a U{g)-comodule structure. 

Proof. For an arbitrary basis element G F, let us write 

v\-i] (g) v\o] = ot^Xj ® v'' (5.25) 
where a^^ G C. Then, by the coaction compatibility V[-2] A V[-i] (8) V[o] = we have 
v\-2] (g) v\-i] O v\o] = aii'^^^h ® Xj^ v^^ , (5.26) 

such that ay^^' := aY'a]'^^ and a]^'^^ = af^\ 
We have 

y{v') = l®v' + Y, of • • • X,, ® (5.27) 

k>iji<---<jk 
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(5.31) 



because for A; > 1 

v\-k] (2> • • • (8) vVi] ® v\o] = ^ oti^^'"^''Xj^ ®---®Xj^® u'*^ , (5.28) 

h,— ,3k 

where ot\^^"'^'' := d^^ ■ ■ ■ a^^"^""", and for any a e Sk we have 

-Jfc =aJj-(i)'"^-W. (5.29) 
At this point, the counitahty is immediate, 

{e<^id)ow{v') = v\ (5.30) 
On the other hand, to prove the coassociativity we first observe that 

k>lji<---<jk 

k>lji<---<jk 

E E 4:-''X,,...X,,®C£ at'-''Xr,---Xr,®v^% 

k>lji<—<jk t>l ri<—<rt 

where a^f^-''* := a^f i • • • as*""^*- Then we notice that 
^(E E ^r"'^n---Xjk)^v^' = Y E ^r''^^^n---Xjk^v^' 

k>lji<---<jk k>lji<—<jk 

+E E 4'"''''^n---xjk^i^v^^ 

k>lji<---<jk 

+ E E ■■■Xr,® Xj, ...Xr,---Xr^--- X,, 1;''= = 

fc>2ii<-<ri<-<rp<-<ife 

E E «r''^^v--^^'=®i®^''+ 

E E E E • • • . . . .\ 

p>l fe— p>l qi<---<?fc-p n<---<rp 

(5.32) 

where for the last equality wc write the complement of ri < • • • < rp in ji < • • • < 
as < • • • < Qk-p- Then (5.29) implies that 

^.-ik ^ Jr^-r^l^-lk-, ^ i'^i-'^P 'p^i-^fc-P. (5.33) 

Ik Ik (p Ifc ^ ' 

As a result, 

{id ®y)o i{v') = (A O id) o y{v^). (5.34) 

This is the coassociativity and the proof is now complete. □ 
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Let us denote by ^conilA^ the subcategory of locally conilpotent left g-comodules 
of the category of left g-comodules with colinear maps. 

Assigning a g-comodule Tg : V — > g (8) 1^ to a [/(g)-comodule J -.V ^ U{g) 
determines a functor 

U{3)m — ^ flconilA^ (5.35) 
Similarly, constructing a U (g)-comodule from a g-comodule determines a functor 

SconilTW U{s)^ (5.36) 

As a result, we can express the following proposition. 
Proposition 5.8. The categories ^^^^M. and ^conilTW are isomorphic. 
Proof. We show that the functors 

p 

Ui9)M 'I ^ ^conilA^ 

E 

are inverses to each other. 

If Tg : F ^ (8) F is a locally conilpotent g-comodule and T : F — )■ C/(g) (g) F the 

corresponding ?7(g)-comodule, by the very definition the g-comodule corresponding 
to W :V ^ U{q) (g) y is exactly Wg-.V^Q^V. This proves that 

PoE = Idaconil^l ■ (5.37) 

Conversely, let us start with a C/(g)-comodule W : V ^ U{q) iSi V and write the 
coaction by using the PBW-basis of L'"(g) as follows 

v\-i) v\o) =l^v' + Y, Yl ^if '"^"^J-i • • • ^ik ® (5-38) 

k>l ji<—<jk 

So, the corresponding g-comodule Tg : F — >■ g (g) F is given as follows 

vS-i] (g v\o] = 7r{v\-i)) v\o) = JZ^fc ^ (^-39) 

j 

Finally, the ?7(g)-coaction corresponding to this g-coaction is defined on G F as 

k>lji<---<jk 

Therefore, we can recover ?7(g)-coaction we started with if and only if 

7£"'"'==7^^7lr---7;r''' V^^l (5-41) 

The equation (5.41) is a consequence of the coassociativity T. Indeed, applying the 
coassociativity as 

(A'^-i ®id)oj = j'' (5.42) 
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and comparing the coefficients of Xj^ (8) • • • (g) Xji^ we conclude (5.41) for any k >1. 
Hence, we proved 

EoP = IduMM ■ (5-43) 
The equation (5.41) impHes that if W : V ^ U{g) (E)V is a left coaction, then its 
associated g-coaction : V ^ g^V is locally conilpotcnt. 

□ 

For a 0-coaction 

V ^ V[-i] (g) vio] (5.44) 

the associated U (g)-coaction is denoted by 

v^v^^v^^. (5.45) 

Definition 5.9. Let V be a right module and left comodule over a Lie algebra Q. 
We call V a right-left AYD over g if 

▼g('y • X) = V[-i] (8> V[Q] ■ X + [v[-i] , X] (8) vio] . (5.46) 

Moreover, V is called stable if 

V[o] ■ f [-1] = 0. (5-47) 

Proposition 5.10. Let Jg-. V^Qi^Vbea locally conilpotcnt Q-comodule and 
W : V ^ U{q) (^V the corresponding U {q)- comodule structure. Then, V is a right- 
left AYD over g if and only if it is a right-left AYD over U{q). 

Proof. Let us first assume y to be a right-left AYD module over g. For X € g and 
an element v eV, AYD compatibility implies that 

{v ■ X)i-k] (8) • • • (f • X)i-i] (g) (v ■ X)io] = vi-k] • • • (8) vi-i] (8 f[o] • X 

(5.48) 

+ [v[-k] , X] ® • • • (8) vi-i] (8) vio] + vi-k] (8) • • • (8 [v[-i] , X] ® V[o] . 

Multiplying in U{q), we get 

{v ■ X)i-k] ■■■{v- X)[_i, ® {v ■ X)[o] = 

vi-k] ■ ■ ■ vi-i] (8 vio] ■ X — ad{X){vi-k] ■ • -fi-i]) <8 vio]. 

So, for the extension J : V ^ U{q) iSiV we have 

{vX)^^{vX)^=l^vX + ^e-\{vX)i.kr--iv-XU^)^{vX) 



[0] 



fe>l 



= l^v X -\-^^9f. ^{vi-k] ■ ■ ■ V[-i]) (8) V[o] ■ X - '^Of^ ^{ad{X){vi-k] ■ --vi-i])) (8) ^[o] 



fc>l k>l 



= v.^, (8 v,^ ■ X - ^ ad{X){6p. ^{vi-k] ■ ■ ■ vi-i])) (8) vio] 



fc>i 

(5.50) 
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Here on the third equality we used the fact that the operator ad commute with 9^, 
and on the fourth equahty we used 



J2ad{X){e^\v[.,r--vi-ii)) 



'Vio] 



(5.51) 

ad{X){e^\v[-k] ■ ■ ■ vi-,^)) ® i;[oi + ad{X){l) ®v = ad{X){v^^^) ® v^. 

k>l 

By using the fact that AYD condition is multiplicative, we conclude that W : M ^ 
U{q) (g) M satisfies the AYD condition on C/(fl). 

Conversely assume that F is a right-left AYD over U (fl) . We first observe that 

(A (g) id) o A{X) = X(8)1(8)1 + 1(8)X(8)1 + 1(8)1(8)X (5.52) 

Accordingly, 

• X) = v^^^X ® + v^^^ 0v^^-X- Xv^^^ ® 
= -ad{X){v^^^;)®v^^+v^®v^^^-X 

It is known that the projection map tt : [/(g) — >■ g commutes with the adjoint 
representation. So 

▼fl(^ • X) = -7r(ad(X)(t;^j)) ^ v^^^ + ^{v^^ )®v^^-X 

= -ad(X)7r(t;j_j) v^^ + ti{v^^^^) ®v^^-X (5.54) 

= [v[-i] , X] (g) vio] + vi-i] (g) vio] ■ X. 

That is, F is a right-left AYD over g. □ 

Lemma 5.11. Let : V ^ QfSiV be a locally conilpotent Q-comodule and T : y — ?• 
U{q) ®V be the corresponding U{Q)-comodule structure. IfV is stable over g, then 
it is stable over [/(g). 

Proof. Writing the g-coaction in terms of basis elements as in (5.25), the stability 
reads 

v\o]v\-i] = a'lv^ ■ Xj = 0, Vz (5.55) 
Therefore, for the corresponding C/(g)-coaction we have 

ji<---<jk 



ji<---<ik-i jk 

Jk-2jk-i^S^ Jk-di Ik , . , ... 

n,— ,3k 31 



where on the second equality we used (5.29). This immediately implies that 
That is, the stability over U{q). □ 
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However, the converse is not true. 

Example 5.12. It is known that U{q), as a left ?7(g)-comodule via A : U{q) 
U{q) (g) U{q) and a right 5-module via ad : U{g) ® g — > U{q) is stable. However, the 
associated g-comodule, is no longer stable. Indeed, for u = X1X2XS G ^^(g), we 
have 

ui-i] (g) uio] = Xi (g) X2X3 + X2 O X1X3 + X3 (g X1X2 (5.58) 

Then, 

tX[o] • = [[Xi,X2],X3] + [[X2,Xi],Xs] + [[Xi,X3],X2] = [[Xi,X3],X2] (5.59) 

which is not necessarily zero. 

The following is the main result of this section. 

Proposition 5.13. Let V be a vector space, and Q be a Lie algebra. Then, V is a 
stable right Q-module if and only if it is a right-left SAYD module over g. 

Proof. Let us first assume that F is a stable right g-module. Since y is a right 
5(g*)-module it is a left g-comodule by Proposition 5.2. Accordingly 

[vi-i] , Xj] (g) V[o] + vi-i] (g) vio] ■ Xj = 

[Xi,Xj]e\v[-i])0v[o] + Xte\vi-i]) ^ v[o] -Xj = 

XtCf/ {Vl-i] ) (g) Vlo] + Xte\vi-i] ) (g) V[0] ■ Xj = 

Xt(g[v< {Xj > e*) + {v<i 0*) • Xj] = 

Xt^iv Xj) <e' = Xte\{v ■ Xj)i_i]) ® {v ■ Xj)yo\ = 

{v ■ Xj)y-i] (g {v ■ Xj)yo] 

This proves that F is a right-left AYD module over g. On the other hand, for any 
vyo] ■ vy-,} = ^ V{o] ■ Xi9\vi-i] ) = Y^{v<9')-Xi = (5.61) 

i i 

Hence, V is stable too. As a result, V is SAYD over g. 

Conversely, assume that F is a right-left SAYD module over g. So 1^ is a right 
module over ^(g*) and a right module over g. In addition we see that 

V < {Xj > 9') + {v< 9') ■ Xj = CijV <9^ + {v< 9') ■ Xj = 
Cij9\vi-i])vio] + 9'{vi-i])vio] - Xj = 

9'{[vi-,],Xj])vioi + ^?X«[-il)^[oi • Xj = (5.62) 
(6^* g) id) {[vi-i] , Xj] (g vio] + vi-i] (g ^[oi ■ Xj) = 
9\{vXj)i-^^){vXj)io] = {v-Xj)<9' 

Thus, y is a right g-module by equation (3.7). Finally, we prove the stability by 
J^i-" <0')-Xi = Y^ vio] ■ Xi9\vi-i] ) = vio] ■ vi-i] = 0. (5.63) 

i i 

□ 
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Corollary 5.14. Any right module over the Weyl algebra D{q) is a right-left SAYD 
module over the Lie algebra g. 

Finally, we state an analogous of Lemma 2.3 [9] to show that the category of 
^AyVg is monoidal. 

Proposition 5.15. Let M and N be two right-left AYD modules over g. Then 
M ® N is also a right-left AYD over g via the coaction 

Jg-. M^N^gi^iM^N, m®n^ my-i] ® myo] (g) n + n[-i] ®m® nyoy (5.64) 

and the action 

M^N^Q^M^N, {m®n)-X = m-X®n + m®n-X (5.65) 
Proof. We simply verify that 

\{m (2> n)[-i] , X] (g) (m (8> n)[o] + (m (8> n)[-i] (8> (m (8> n)[o] ■ X = 



[my-i] , X] (g) myo] (8) n + [ny-iy , X] (g) m (8) nyoy + 
my-i] (g) (m[o] (8) n) • X + n[-i] (g) (m (g) ?t.[o]) • X = 
(m • X)[-i] (gi (m • X)yo] (gin + n[-i] (g m • X (gi n[o] + 
m[-i] (g m[o] (g n • X + (n • X)y-i] (g) m (g (n • X)[o] = 
Tg(m • X g) n + m g) n • X) = ▼g((m (g) n) • X). 



(5.66) 



□ 



5.3 Examples 

This subsection is devoted to examples to illustrate the notion of SAYD module 
over a Lie algebra. We consider the representations and corepresentations of a Lie 
algebra g on a finite dimensional vector space V in terms of matrices. We then 
investigate the SAYD condition as a relation between these matrices and the Lie 
algebra structure of g. 

Let also V he a n dimensional g-module with a basis {v^, ■ ■ ■ ,v"'}. We express 
the module structure as 

m^-X, =/3},m^ /3}, gC. (5.67) 
In this way, for any basis element Xj G g we obtain a matrix Bj G M„(C) such that 

{Bj)i := 15%. (5.68) 
Let Tg : F — )■ g ig) y be a coaction. We write the coaction as 

^g{v^) = a'iX^®v\ ai^eC. (5.69) 
This way we get a matrix A^ G Af„(C) for any basis element Xj G g such that 

{A^)l:=a^. (5.70) 
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Lemma 5.16. Linear map Tg : M ^ g (g) M forms a right Q-comodule if and only 
if 

A>^ ■ A^^ = A>^ ■ (5.71) 

Proof. It is just the translation of the coaction compatibihty v'[-2] A ®v'^[o] = 
in terms of the matrices A^. □ 

Lemma 5.17. Right Q-module left Q-comodule V is stable if and only if 

J2a^-Bj = 0. (5.72) 
j 

Proof. By the definition of the stability, 

v\o] ■ v\-^] = a'iv^ ■ Xj = a'ipy = (5.73) 

Therefore, 

c^iP^.l = Wl{B,f, = {A^ . B,)\ = 0. (5.74) 

□ 

We proceed to express the AYD condition. 
Lemma 5.18. The Q-module-comodule V is a right-left AYD if and only if 

[B,,A^]=Y,A^Ci^. (5.75) 



Proof. We first observe 

• X,) = l,{Pl,v^) = Pl^a^X, ^^^^^^ 



= {B,)l{A^)fXj 0v^ = {B, . A^)^Xj ® vK 

On the other hand, writing ▼g(i^^) = ® v'', 

, Xg] ® yP^o] + v^i-i] ® v^io] ■ Xg = af [X„ Xg] 0v^-\- c^^Xj ®v*-Xg 
= afCigX^ ®v' + afP%X^ = (afC^ + {A^ ■ Bgf,)X^ ® vK ^^'^^^ 

□ 

Remark 5.19. The stability and the AYD conditions are independent of the choice 
of basis. Let {1^ } be another basis with 

Yj=^]Xu X^ = {^-^)\Yi. (5.78) 

Hence, the action and coaction matrices are 

Bg = ^\Bu A^=A\rH^ (5-79) 
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respectively. Therefore, 

J2 A' • 5. = E ^'(7"')hp3 = E ^'^sdi = vl^' • B, = 0, (5.80) 

j j,l,s l,s j 

proving that the stabihty is independent of the choice of basis. Secondly, we have 
[B„ = Y.il-'yABs, A^] = Y,{l-yrA'Cl. (5.81) 
If we write [1^, Yq] = CpgYf, then it is immediate to observe that 

I'.ciir'yr = {r'TicU. (5.82) 

Therefore, 

[B,, A^] = A'^^Clir^t = A^r'YiCi, = A^Ci^. (5.83) 

This observation proves that the AYD condition is independent of the choice of 
basis. 

Next, considering the Lie algebra sl(2), we determine the SAYD modules over 
simple sl(2)-modules. First of all, we fix a basis of sl(2) as follows. 

--(s;)' -3^(;_°,). 

Example 5.20. Let V =< {v^,v'^} > be a two dimensional simple sf(2)-module. 
Then, by [11], the representation 

p : s[(2) ^ gl{V) (5.85) 
is the inclusion p : sl(2) ^ 01(2)- Therefore, we have 

--(sj). 

We want to find 

^-iii)' ^-{ii)^ 

such that together with the g-coaction ▼s[(2) : V — > st(2) (g) V, defined as t-^ 
{A^)l.XjiSiv'^, V becomes a right-left SAYD over sl(2). We first express the stability 
condition. To this end. 



A'-B, = i i ? V A^-B,= ( ? i ], A^.B: 



2 

(5.88) 



and hence, the stability is 
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Next, we consider the AYD condition 



sq- 



For j = l = q, 



A' 







Similarly, for g = 2 and j 

^1 _ ( 
^ - ' 



1, we arrive 
A 



yl 
yl 



2_f0 yl 

yl 



A" 












Finally, for j = 1 and q = 2 we conclude 



A' 








A' 













(5.90) 



(5.91) 



(5.92) 



(5.93) 



Thus, the only s[(2)-comodule structure that makes a 2-dimensional simple 5l(2)- 
module F to be a right-left SAYD over sl(2) is the trivial comodule structure. 

Example 5.21. We investigate all possible coactions that make the truncated sym- 
metric algebra S{sl{2)*)[2] an SAYD module over sl{2). 

A vector space basis of S{sl{2)*)[2] is {1 = 0^, 0^,0^, d^} and the Kozsul coaction 

is 

5(s[(2)*)[2] ^s[(2)0 5(5l(2)*)[2] 

e° ^ Xi^e^ + X2®e^ + Xs^ (5.94) 

6*^ 1-^-0, i = l,2,3 
We first determine the right sl(2) action to find the matrices Bi,B2,Bs. We have 



Therefore, 



Si = 



/ 





V 1 



\ 
-2 

/ 



Bo 



/ \ 



2 

V -1 / 



B. 



/ 

2 



V 








(5.95) 






/ 
(5.96) 



Let A^ = {x\),A'^ = {yl.),A^ = (z^) represent the g-coaction on V. According to 
the above expression of Bi,B2,Bs, the stability is 



/ yl + 2z\ 



2zl 



-2x\ 



1 



^ y\^ 2z\ x\ - 2z\ -2x\ 2y\ 
yl + 2z\ xl-2zl -2xj + 2yl 
\0 yl + 2zf xl - 2zl -2x1 + 2yi J 



0. 



(5.97) 
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As before, we make the following observations. First, 



/ 



-2x1 



-2a;? 



™2 
X2 



x-i 



2x5 
2x1 + 23^1 

2x1 
2x1 



X 



and next 



/ 



2x3 



X 



2x\ + x§ 



Xq Xj^ -|- X3 







9™,3 9„3 9„2 

Z;X2 3 2 



X2 



-2X2 



2x^ y 



Finally, 







-2x2 



V 



-2x? 



-Axl 

-2x? 







-2xi 



-2A^ 



/ 



Hence, together with the stability one gets 



( 





™0 

^1 























Xq 











V 














and 



[Bi,A'] 



( ' 








2x0 \ 


























\4 








/ 



2^3 



Similarly one computes 



[BuA-^ 



2y0 \ 

-2yf 2yl 

2yl 

yl 2yl J 



0, 



as well as 



[B2.A^ 



/ 





V -yl 







/ 



-2A^, 
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and [-03,^2] = 2^2. We conclude that 



/ c \ 




d 
V / 



/ c \ 

d 



V / 




/ c \ 





\\d / 



(5.105) 



One notes that for c = 1, cZ = one recovers the Kozsul coaction, but obviously it 
is not the only choice. 

6 Cyclic cohomology of Lie algebras 

In this section we show that for V , a SAYD module over a Lie algebra g, the 
(periodic) cyclic cohomology of g with coefficients in V and the (periodic) cyclic co- 
homology of the enveloping Hopf algebra U{q) with coefficient in the corresponding 
SAYD over U{q) are isomorphic. 

As a result of Proposition 4.2 and Proposition 5.13, we have the following defi- 
nition. 

Definition 6.1. Let q he a Lie algebra and V he a right-left SAYD module over 
0. We call the cohomology of the total complex of (C*(g,y),9cE + ^k) ihe cyclic 
cohomology of the Lie algebra g with coefficients in the SAYD module V , and denote 
it by HC*{q,V). Similarly we denote its periodic cyclic cohomology by HP*(q,V). 

Our main result in this section is an analogous of Proposition 7 of [3]. 

Theorem 6.2. Let g be a Lie algebra and V be a SAYD module over the Lie algebra 
0. Then the periodic cyclic homology of g with coefficients in V is the same as 
the periodic cyclic cohomology ofU{Q) with coefficients in the corresponding SAYD 
module V over U{q). In short, 



Proof The total coboundary of C(g, V) is dcE + while the total coboundary of 
the complex C(C/(g), V) computing the cyclic cohomology of C/(g) is B + b. 

Next, we compare the Ei terms of the spectral sequences of the total complexes 
corresponding to the filtration on the complexes which is induced by the filtration 
on V via [10, Lemma 6.2]. To this end, we first show that the coboundaries respect 
this filtration. 

As it is indicated in the proof of [10, Lemma 6.2], each FpV is a submodule of 
V. Thus, the Lie algebra homology boundary dcE respects the filtration. As for 
Ok, we notice for v G FpV 



HC'{Q,V)^HC\U{g),V) 



(6.1) 



dK{Xi A • • • A X„ (g) u) = ^[-1] A Xi A ■ ■ ■ A X„ (g) i;[o] 



(6.2) 
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Since 

W{v) = (g) = 1 (g) f + V[-i] (g) V[o] +'^6'^^{v[-k] ■ ■ ■ V[-i]) (g) V[o] (6.3) 

k>2 

we observe that V[-i] A Xi A • • • A X„ g) f [o] G A"+^0 (g Fp-iF. Since -Fp-il^ C FpV, 
we conclude that Bk respects the filtration. 

Since the Hochschild coboundary b : V ^ ?7(g)®" V ?7(0)®"+^ is the alter- 
nating sum of cofaces 5i, it suffices to check each 5i preserve the filtration, which is 
obvious for all cofaces except possibly the last one. However, for the last coface, we 
take V e FpV and write 

We have 

Sn{v (g) -u^ (g • • • (g) -u") = Vpjj (g (g • • • (g -u" (g G FpV (g C/(0)®''+^ (6.5) 

Hence, we can say that b respects the filtration. 

For the cyclic operator, the result again follows from the fact that Fp is a Q- 
module. Indeed, for v G FpV 

Tn{v ®U^<^---®U"')=V^- g) S{U^(2)) • (m^ (g • • • (g (g Vp-^) G FpV (g U{q)^ 

(6.6) 

Finally we consider the extra degeneracy operator 

(T_i(v (g (g • • • (g tx") = i; • u\i) ® S{u\2)) • (n^ (g • • ■ ® n") G FpV (g ?7(0)®" 

(6.7) 

which preserves the filtration again by using the fact that Fp is g-module and the 
coaction preserve the filtration. As a result now, we can say that the Connes' 
boundary B respects the filtration. 

Now, the £'i-term of the spectral sequence associated to the filtration {FpV)p>o 
computing the periodic cyclic cohomology of the Lie algebra g is known to be of the 
form 

Ei'\s) = W+^{Fj+iC{g, V)/FjC{g, V), [dcE + ^]) (6.8) 

where, [Oqe + Ok] is the induced coboundary operator on the quotient complex. By 
the obvious identification 

F,+iCiQ,V)/F,Ci9,V) - C{9,F,+iV/F,V) = 0(9, {V/F,Vr^), (6.9) 

we observe that 

Ei'\9) = W+\C{Q, {V/F^vru^% [5ce]), (6.10) 
for dK{Fj+iC{9,V)) C FjC{9,V). 
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Similarly, 

Ei'\ui9)) = w+^{c{u{q), (y/F,y)™^(9)), [5 + b\). (6.11) 

Finally, considering 

e{\q) = W+^{C{Q, {V/FjVr% [0] + [^ce]) (6.12) 

i.e., as a bicomplex with degree +1 differential is zero, the anti-symmetrization 
map a : C{g,{V/FjVy°s) C{U{Q),{V/FjVy"^^s^) induces a quasi-isomorphism 
[a] : E{'\g) E{'\U{g)), Vi, j by Proposition 7 in [3]. □ 

Remark 6.3. In case the g-module V has a trivial Q-comodule structure, the cobound- 
ary Ok = and 

HP'{g,V)= H^ig,V). (6.13) 

n=» mod 2 

In this case, the above theorem becomes [3, Proposition 7]. 
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